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Abstract

Given an equational presentation (X, E)—a signature with equations—the well-known equiv-
alences between equational derivability, rewrite convertibility, and model validity (Birkhoff com-
pleteness) provide a three-way bridge linking algebraic structure, logic, and computation. We
present the Structure—Logic—Computation (SLC) framework, a machine-executable pipeline that
makes these classical equivalences auditable and constructive. From a presentation (X, E) we
construct (i) an equational-logic category Ly where provability is morphism equality, (ii) a
term category Cp whose morphisms are raw Y-term tuples, together with rewrite graphs on its
hom-sets, and (iii) bidirectional translations between equational derivations and traced rewrite
certificates, with functorial transport along theory morphisms. A Racket prototype realizes
the pipeline with multiple search strategies, preliminary Knuth—-Bendix support, and certifi-
cates structured to support independent checking. We discuss implications for domain-specific
language design and verification.

1 Introduction

The Curry-Howard correspondence reveals [35] a deep isomorphism between proofs and programs,
propositions and types. Lambek [19] pushed this further: logical derivations and typed terms
appear as morphisms in a cartesian closed category, yielding the Curry—Howard-Lambek (CHL)
triad. However, both logic and computation rest on a more basic layer: the algebraic structure of
the domain.

Figure 1: The free term category Cp (raw X-terms, no equations) projects onto the quotient
Ly (terms modulo provable equality) via P. Any model M : Ly — Set lifts to Cp — Set by
composition M o P. The rewrite relation <»* is external structure on the hom-sets of Cp, not
categorical morphisms; P identifies exactly those morphisms related by «*.

We systematize these relations as the SLC' framework: given an equational presentation (X, E)—
a signature of operations with equational axioms—we algorithmically realize the derivation of both



equational proof theory and rewrite-based computation, with bidirectional certificate translation.
The presentation induces a Lawvere theory (the quotient category), but the raw term structure
and rewrite dynamics depend on the chosen presentation, not just the abstract theory. The move
echoes how CHL has been lifted to concurrency via propositions-as-session-types [7, 34].

Aspect CHL (classic) SLC (this work)

Starting point Fixed calculus (A-calc, etc.) Presentation (X, F) of a
Lawvere theory

Logic extracted Typing / proof system L7 (equational)

Computation extracted Operational semantics Cr with rewrite graph
(conversion)

Core correspondence Types <+ propositions <+ Provability < convertibility >

categorical structure model validity

Table 1: CHL versus SLC at a glance.

Why an algebra-first companion is useful. The CHL correspondence presupposes a fized
calculus (typically the simply-typed A-calculus) and thus hard-wires proof theory to one particular
notion of program. Modern programming languages and security frameworks continually introduce
new primitives—effects, capabilities, resource types—which shift both proof theory and operational
semantics.

The SLC framework shifts the starting point to algebraic presentations: given only an equational
presentation of the domain, it derives both the logic (equational provability) and the machine of
executions (rewrite paths). This flexibility is particularly useful when the calculus itself is under
construction, such as in domain-specific languages or policy-driven runtimes.

Precise relationship to CHL. CHL identifies three things: (i) propositions/types, (ii) proof-
s/terms, (iii) cartesian-closed categories. SLC identifies a different triple: (i) equational provability
in Lp, (ii) rewrite convertibility in the rewrite graph over Cp, (iii) semantic validity in all models.
The two correspondences are complementary, not competing: CHL applies to higher-order calculi
with function types (A — B) and inhabitation questions (“is type A inhabited?”); SLC applies to
first-order algebraic theories with equality questions (“does s = t hold?”). One can view SLC as
the “algebraic fragment” that sits beneath CHL: when a simply-typed A-calculus is equipped with
equational axioms (e.g., An-laws), SLC governs the equational reasoning while CHL governs the
typing and proof-term structure. There is no canonical equivalence identifying Lawvere theories
with cartesian closed categories; the relation between SLC and CHL is one of structural analogy
and possible completion constructions, not direct identification.

Contributions.

e A precise statement of the SLC framework and its place in the Curry—Howard—Lambek lineage,
synthesizing classical results (Birkhoff completeness, term rewriting) into a unified framework.

e A constructive proof (Section 4) that each equational presentation (X, F) yields an equational-
logic category Ly and a term category Cr with induced rewrite dynamics, where convertibility
is sound and complete for provable equality.

e A monoid running example grounding the construction.



e Discussion of consequences for domain-specific language design, formal verification, and secu-
rity, and a roadmap for future work.

e A prototype implementation in Racket [3] that, given an equational presentation (X, F), gen-
erates an interactive equality checker for L7 and a symbolic rewrite simulator for the rewrite
graph over Cp, with bidirectional translation between equational derivations and traced cer-
tificates.

Scope of novelty. The mathematical equivalences (Birkhoff completeness, conversion = prov-
ability) are classical. Our contribution is packaging them as a constructive, auditable pipeline:
given any equational presentation (X, F), we algorithmically derive an equational prover and a
trace-generating rewrite simulator with (i) bidirectional certificate translation, (ii) functorial trans-
port along theory morphisms, and (iii) certificates structured to support independent checking.
We treat the underlying mathematics as established and focus on auditability and algorithmic
realization.

2 Background

This section recalls the minimal categorical logic needed for the SLC framework. We follow the
terminology of Mac Lane [22] (categories), Lawvere [20] (algebraic theories) and Baader—Nipkow [3]
(term rewriting). Readers who prefer a one-page intuition before the formalism may glance at
Fig. 2. Enriched and indexed variants of Lawvere theories extend the framework to side—effects,
names, and local state [25, 10, 31].

2.1 Lawvere theories and presentations

A Lawvere theory [20] is a small category L with finite products together with a strict finite-
product-preserving identity-on-objects functor I : F°? — L, where F is a skeleton of finite sets.
Equivalently, one may work skeletally and regard the objects as natural numbers N = {0,1,2,...},
with n interpreted as the n-fold product of a distinguished object. For the syntactic Lawvere theory
presented by (X, E), a morphism n—m can be represented by an m-tuple (¢1,...,t,,) of X-terms
in n variables, modulo provable equality. A model of L in a category C with finite products is a
finite-product-preserving functor L — C [10].

Presentations. A Lawvere theory is typically presented by a signature ¥ (operation symbols
with arities) and a set E of equations between X-terms [16]. Different presentations can yield the
same theory (up to equivalence), but the term category Cr and the rewrite dynamics depend on the
chosen presentation. In our implementation, the user provides a presentation (X, F'); the resulting
Cr is the free X-term category, and L7 is the quotient by E.

Remark 2.1 (Why Lawvere theories?). Lawvere theories are equivalent to finitary monads on
Set [17]; thus every result herein can be re-phrased in the language of algebraic effects and han-
dlers. We prefer Lawvere theories because they make the syntactic structure explicit: morphisms
are term-tuples, composition is substitution, and the rewrite system arises directly from the pre-
sentation. In contrast, the monad formulation abstracts away the term structure, making it less
suited to our goal of extracting concrete proof and execution certificates.



Models. A model of T is a product-preserving functor M : T'— Set; notation Mod(T"). For the
syntactic theory presented by (X, F), a morphism n — 1 in 7' is an equivalence class of n-variable
>-terms modulo provable equality. The raw, unquotiented n-variable terms belong instead to the
free term category Cp (equivalently, the free ¥-algebra before quotienting by E).

2.2 Equational logic

Given a signature ¥ and a family F of equations, equational logic derives new equalities from F
via four rules:
refl, sym, trans, congruence.

Birkhoff’s completeness theorem [1] says
Etrs=t <= (VM eMod(T))M [=s=t.

Hence proving an equation and holding in all models are equivalent.

2.3 Term rewriting

Orienting each equation | = r as a rule [ — r yields a rewrite system. We define the conversion
relation <>* as the reflexive, symmetric, transitive closure of one-step rewriting, closed under context
and substitution. This is the computational counterpart to equational derivability: two terms are
convertible iff they are provably equal.

Important distinction. In Section 4 we construct a term category Cp whose morphisms are raw
term tuples and whose composition is substitution. The rewrite relation <>* is not a morphism in
Cr; it is an external equivalence relation on the hom-sets. Rewrite steps relate parallel morphisms
(same source and target), not composable ones. This separation—category structure vs. rewrite
dynamics—is essential to the SLC formulation.

If the system is additionally terminating and confluent, the Church—Rosser property [9] yields
a decision procedure: termination guarantees that every term has a normal form, and confluence
guarantees uniqueness. Thus s <»* t iff nf(s) = nf(¢) syntactically—one computes both normal
forms and compares. We emphasize that SLC does not require confluence; the correspondence
holds for any Lawvere theory, but without confluence, path search replaces normalization.

Relation to rewriting logic. Meseguer’s rewriting logic [23] provides an industrial-strength
framework (realized in Maude [1]) where equations and labelled rewrite rules coexist. Our work
differs in scope and purpose: we focus on the wunlabelled equational core common to all Lawvere
theories, emphasizing the categorical structure (Ly, Cp, projection P) and the constructive bridge
between proof objects and rewrite traces. Rewriting logic is a powerful execution engine; SLC is a
lightweight extraction framework for generating logic and computation from pure algebra.

Why SLC needs no confluence. The SLC framework relies only on the existence of rewrite
paths, not on their uniqueness; thus, neither termination nor confluence is assumed. In practice,
however, many theories (e.g. groups, rings) admit confluent completions via Knuth-Bendix [18],
using termination orderings such as the lexicographic path ordering [12]. ! For non-completable
theories (e.g., monoids with associativity alone, where KB does not terminate), our tool falls back

! Practically, a non-confluent Cz means symbolic execution may branch and normal forms are not unique. Tool
chains can still use Cr, but must explore (or bound) alternative paths instead of relying on canonical representatives.



Cheat-sheet.

Structure T operations & equations (syntax).

Logic Lp: quotient category; provability = morphism equality.

Computation Cp: raw term category; <»* is a relation on hom-sets.

SLC: s =t in all models <= P(s) = P(t) in Ly <= s «* t in the rewrite graph over Cr.

Figure 2: Back-of-the-envelope guide to SLC.

to bounded bidirectional search; path-finding remains correct but may time out on long proofs. In
our test suite, associativity-heavy proofs at depth 15-20 complete within seconds; deeper searches
benefit from iterative deepening and best-first heuristics.

3 Running Example: Monoids

We instantiate the definitions above for the classical monoid theory Tyion.

Signature and axioms

e Operation symbols: binary * and constant e.

o Axioms: (zxy)*z=x* (yx2) (assoc)
exr=x==x%e (unit)

For rewriting we orient both sides of every axiom, so the rule set is {(zxy)* z <> x*x(yx2), exx <>
T, T*kE > T}
Three viewpoints from the SLC framework

A. Structure Ty1,,. Pure syntax of terms like (z *x e) * y.

B. Logic Ly. Contexts n as objects; a morphism n — 1 is an equivalence class of n-variable
terms under provable equality. Provability is equality of morphisms in Lp; proofs (derivations

witnessing equality) correspond to rewrite paths in the rewrite graph over the relevant hom-set
of CT.

C. Computation Cp. Objects are again the arities n. A morphism n—m is simply an m-tuple
of raw terms (t1,...,ty) in the variables z1, ..., z,; no equations are imposed. On top of each
hom-set we later add a rewrite graph generated by the bidirectional rules

(x*xy)*xz > zx(yx*z), eExXT > I, Txe < T,

but those edges are not the morphisms—morphisms stay as raw tuples, while rewrites form an
extra layer of structure used for computation.

Proof vs. execution

Logical derivation in Ly. Applying congruence with the unit axiom:

y* e =y (unit)

cong
rx(y*e)=xx*xy



Rewrite path in the rewrite graph over Cyr. Applying the left-to-right instance of the bidi-
rectional rule y x e <+ y yields
yxe — y
Tx(yxe) — x*y.

The equational derivation witnesses equality in L7, while the rewrite path lives in the rewrite
graph on the relevant hom-set of Cy. They correspond under the SLC bridge and map to the same
semantic equality in every monoid model, illustrating Theorem 4.1 on this concrete theory.

From proofs to paths. Each inference rule of equational logic corresponds to a simple manipulation
in the rewrite graph over Cp: ‘sym’ reverses a path, ‘trans’ concatenates, and ‘cong’ lifts a step
under context. Thus an entire proof tree in Ly unwinds, bottom-up, into a single composite path
in the rewrite graph over Crp.

Normal forms

Restricting to the left-to-right orientation (x xy) *z — = (y*2), exx — x, x * e — x yields a
terminating, confluent system on monoid terms. Hence each term has a unique normal form: either
e, or a right-associated product zq * (zg * (--+ * x)---) with no occurrence of e. We use this as a
sanity check in later sections.

This monoid toy will serve as an intuitive guide throughout the paper: each categorical con-
struction in Sections 4-6 can be verified explicitly on Tyon.

Example 2: Groups need symmetry

Let Tqrp extend Thion With a unary inverse operation (')71 and the extra axiom z * 2~ ! = e.

Why symmetry matters. SLC again yields the categories L%rp, C%rp. Because C%rp is built
with the bidirectional rule
-1
TxrTT e,

an equational step in L%rp such as e = x * 71 (which uses the symmetry rule) is witnessed by
traversing the rewrite edge z*x~! ~» e in the reverse direction, i.e. the conversion move e ~» xxz ™"
in the rewrite graph over Cgrp. If we had kept only the left-to-right orientation x * z=! — e, that
reverse move would be impossible. Hence the two-sided generation of Cp is necessary whenever
equational proofs rely on symmetry.

Example 3: Lattices and Boolean algebras

Our implementation includes richer algebraic structures. A lattice theory T1.¢ has two binary
operations (meet A, join V) satisfying 8 axioms (associativity, commutativity, idempotence, and
absorption laws). Boolean algebra Tgoe extends this with complement (—), identity elements (0,
1), and De Morgan laws, totalling 17 axioms.

These theories demonstrate that SLC scales beyond toy examples: each presentation yields its
own Ly and Cp, with the inclusion morphism 17, — TBool transporting derivations and traces
functorially.



4 The SLC Framework

We now state and prove the Structure-Logic-Computation framework. Fix an arbitrary (single-
sorted) equational presentation (X, F). Let T denote the Lawvere theory it presents (the quotient
category).

4.1 Statement

The SLC framework synthesizes two classical results into a unified categorical pipeline:

e Birkhoff (1935): provability <= validity in all models.

e Term rewriting: provability <= rewrite convertibility.
Formally, SLC packages these standard equivalences into a single constructive pipeline with check-
able certificates and bidirectional derivation/trace translation.

Theorem 4.1 (Structure-Logic-Computation (SLC)). Let (X, E) be an equational presentation,
let L be the Lawvere theory it presents (provable equalities modulo E), and let Cr be the free term
category on signature ¥ (raw X-term tuples), with projection P : Cp — Lp quotienting by E. For
any two parallel morphisms f,g : n — m in Cp (i.e., two m-tuples of raw X-terms), the following
are equivalent:

(a) (Logic) Their images are equal in the logic category: P(f) = P(g) in Lp.
(b) (Computation) They are connected by a rewrite path in the rewrite graph over Cp: f <* g.

(c) (Semantics) For every model M : Ly — Set (product-preserving functor), the interpreta-
tions agree: M(P(f)) = M(P(g)). Equivalently, for every set-based model and every valua-
tion of the n variables, the two induced m-tuples evaluate equally.

Scope of semantics. Throughout, a model of T means a product-preserving functor M : Ly —
Set (equivalently M : T — Set, since Ly = T as the syntactic Lawvere theory presented by (3, E)).
Thus item (c) quantifies over all set-based models of the theory. One could generalize to models in
any category with finite products; we restrict to Set because (i) Birkhoff’s completeness theorem
is classically stated for set-based models, and (ii) our implementation targets concrete set-based
interpretations.

Remark 4.2 (Multi-sorted and higher-order extensions). For brevity we state SLC in the single-
sorted setting. For a k-sorted signature, the objects of both Ly and Cr become tuples in N¥;
the completeness argument adapts once Birkhoff’s many-sorted theorem [141] is substituted for the
single-sorted case. We have not implemented multi-sorted theories in our prototype; we state
this extension as a standard result in the literature rather than a verified claim. Higher-order
(cartesian-closed) theories require adding exponentials to the finite-product structure; the analogous
correspondence is plausible but involves additional technical details (e.g., higher-order rewriting,
Bn-equivalence) that we do not address here.

Remark 4.3 (Smallness). For set-theoretic hygiene, all categories are assumed small (finitely gen-
erated from the signature). Readers comfortable with size issues may safely ignore this remark.

4.2 Construction and Proof

To prove Theorem 4.1, we first formally construct the categories Ly and Cr.



4.2.1 The Equational-Logic Category L

The equational category L7 (whose morphism equality captures provable equality) is the quotient
of Cp by provable equality (i.e., the equational congruence generated by the axioms E), and is
equivalent (as a category with finite products) to the syntactic Lawvere theory T presented by
(X, E)—the equivalence is strict on objects and an isomorphism on hom-sets.

e Objects: Natural numbers n € N.

e Morphisms: A morphism n—m is an m-tuple [¢1, ..., ;] of ¥-terms in n variables, modulo
the equations E.

e Composition is term substitution, which is well-defined as equality is a congruence. Ly is a
cartesian category. Functorial semantics. A set-based model of T is a product-preserving

functor M : Ly — Set, which interprets each operation symbol as a function and hence each
morphism as an m-tuple of functions. Composing with P yields an interpretation of raw
terms in Cp as well.

Remark 4.4 (Morphisms vs. proof objects). Morphisms in Ly are equivalence classes of terms, not
proof trees. To say P(f) = P(g) is to assert provable equality; the morphism itself does not encode a
derivation. When we speak of “proofs” in the implementation, we mean derivation trees (sequences
of inference steps) that witness the equality—these are the proof-step structures in the code. The
SLC bridge translates these derivation trees to traced rewrite paths and back.

4.2.2 The Term Category Cr

The term category Cr is the free cartesian category generated by the signature 3. 2
e Objects: Natural numbers n € N.

e Morphisms: An arrow n — m is an m-tuple of raw X-terms (t1,...,t,) in n variables.
Syntactically distinct tuples are distinct morphisms.

e Composition is term substitution.

The logic category Ly is the quotient of Cp by the equational congruence =g (provable equality
from FE), giving a canonical projection functor P : Cp — Lp. Lemma 4.7 below shows that =g
coincides with the conversion relation <+*, so Ly = Cp /<.

Remark 4.5 (Category vs. rewrite relation). We emphasize that Cp is a category (raw term tuples
as morphisms, composition by substitution), while the rewrite relation <+* is external structure on
the hom-sets—a relation between parallel morphisms, not morphisms themselves. One could alter-
natively model computation via a path category Path(Cp) whose morphisms are rewrite sequences;
in that formulation, “computations are morphisms” becomes literally true. We prefer the simpler
presentation where Cp is the syntax and the dynamics come from the rewrite graph defined over
Cr.

Kernel = conversion: The SLC framework identifies the kernel congruence of the projection P
(i.e., when P(f) = P(g)) with the conversion relation f <+* g (Lemma 4.7). Equivalently: Ly is
the quotient of Cp by <*.

2That is, the initial category with finite products generated by the signature; see [22, §VL.5].



The Rewrite Relation. For computation, we define a rewrite graph Gt on each hom-set
Cpr(n,m): vertices are morphisms (term tuples), and there is an edge f ~» g if g can be ob-
tained from f by applying a single axiom of 7" (in either direction) to a subterm of one component.
The conversion relation f «<»* g is path-reachability in Gpr—i.e., the reflexive-transitive closure of
~+. Computation in SLC means finding such paths; the path itself is the execution trace.

Remark 4.6 (Single terms vs. tuples). For clarity, we state the theorem for general m-tuples (n —
m). Our implementation focuses on the case m = 1 (single-term rewriting), which suffices for
equational reasoning. Tuple convertibility is the product congruence generated componentwise:
(L1, stm) ™ (t),....t),) iff each t; <»* t,. Rewrite paths may interleave component rewrites
arbitrarily, but the induced equivalence relation factors through the product—each component’s
equivalence class is determined independently.

Lemma 4.7 (Kernel of projection = conversion). The kernel congruence of the projection functor
P : Cp — L is precisely the conversion relation:

P(f)y=P(g) inLy <= f+"ginCyp.
That is, Lt is the quotient of Cp by the conversion relation <*.

Proof. This follows from the standard fact that conversion (bidirectional rewriting) generates the
same congruence as equational derivability [3, 5]. We prove both directions below via intermediate
lemmas. O

Lemma 4.8 (Conversion is a congruence). The relation <+* on Cp-morphisms is:
(i) an equivalence relation (reflexive, symmetric, transitive by definition);
(ii) closed under substitution: if f <* g and o is a substitution, then o(f) <>* o(g);
(11i) closed under context: if f <* g, then C[f] «+* C[g| for any context C;
(iv) containing the axioms: for each axiom | =1 of T and substitution o, we have o(l) <>* o(r).

Proof. Properties (i)—(iii) follow from the definition of <+* as the reflexive-symmetric-transitive-
context-substitution closure of one-step rewriting. Property (iv) holds because each axiom instance
is a one-step rewrite. ]

Lemma 4.9 (Conversion characterizes provability). The conversion relation <»* is the least con-
gruence containing the axiom instances. Thus f <* g if and only if P(f) = P(g) in Ly (i.e.,
f = g is derivable in equational logic from T ). This is a standard result: both <»* and equational
derivability define the same congruence closure of the axioms [7, 5].

Proof. Equational derivability =g is, by definition, the least congruence on Y-terms containing
the axiom instances. By Lemma 4.8, <+* is a congruence containing the axioms, so =5 C <™.
Conversely, every one-step rewrite f ~» ¢ is an axiom instance in context, hence f =g ¢; since =g

is closed under reflexivity, symmetry, and transitivity, it contains all of <»*. Therefore <* = =g,
and f «<* g iff P(f) = P(g) in Lp. O

Lemma 4.10 (Soundness). If f «<* g in Cp then P(f) = P(g) in Lp. Consequently, for every
model M : Ly — Set, we have M (P(f)) = M(P(g)).

Proof. By Lemma 4.9, conversion equals provability. Since L7 is the quotient by provable equality,
P(f) = P(9). O



4.2.3 Proof of the SLC Theorem

The following lemma makes explicit the rule-by-rule translation that underlies the (a) <= (b)
direction.

Lemma 4.11 (Inference-to-path translation). Each inference rule of equational logic corresponds
to a path operation in the rewrite graph over Cr:

Inference rule Path operation Justification

refl: t =t empty path at t reflexivity of <>*
sym: froms=ttot=s reverse path symmetry of <*
trans: fromr =s, s=t tor =1t concatenate paths transitivity of <*
cong: from s =t to Cls| = C[t]  lift each step into C|—] closure under context
axiom: | =r (instance) single ~~ step axiom generates edge

Conversely, each single rewrite step f ~> g is an axiom instance in context, hence provable by axiom
+ cong; a path is provable by trans-chaining its steps.

Proof. Immediate from the definition of <+* as the reflexive-symmetric-transitive-context closure
of axiom instances. O

Proof of Theorem /4.1. We establish the equivalence of (a), (b), and (c) for parallel morphisms f, g :
n — m in Cp. The individual implications are classical (modulo standard completeness theorems);
our contribution is their categorical packaging and the explicit translation of Lemma 4.11.

(a) < (c): (Logic <= Semantics) This is Birkhoff’s completeness theorem [!] (many-
sorted: [11]), rephrased in Lawvere’s categorical language [20]. An equality is provable in the theory
(i.e., P(f) = P(g) in Lp) if and only if it holds in all models.

(a) < (b): (Logic <= Computation) This is the standard identification of equational
derivability with the congruence generated by contextual axiom instances [3]; we include it to make
the bridge explicit and implementable.

(=): By structural induction on the proof tree, applying Lemma 4.11 at each node. Each inference
rule maps to a path operation; composing these yields f <* g.

(«<): Each rewrite step f; ~ fiy1 is an axiom instance in context, hence provable by axiom + cong.
Chain the steps by trans to obtain P(f) = P(g).

The novelty lies not in these implications but in making them constructive: our implementation
(Section 5) translates proofs to traced certificates and vice versa, following the correspondence of
Lemma 4.11. O

5 An SLC Implementation in Racket

To demonstrate feasibility and provide an auditable reference implementation, we have devel-
oped a prototype system in Racket [2] that directly implements the structure-to-logic/computation
pipeline. The system takes an equational presentation (X, ) as input and provides an interactive
environment for both proving theorems in Ly and simulating execution paths in the rewrite graph
over Cp.
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Implementation status. Table 2 summarizes what is implemented versus planned. The core
pipeline is complete: theory definition, equality checking via path search, multiple search strate-
gies, traced certificates with full step metadata, bidirectional proof/trace translation, and theory
morphisms with bounded verification. Knuth—-Bendix completion support is partial and not yet
production-ready.

Decidability caveat. Equality in arbitrary Lawvere theories is undecidable in general (it sub-
sumes the word problem for finitely presented algebras). Our tool is therefore a semi-decision
procedure: given a depth bound, it searches for a rewrite path; if one exists within the bound,
the tool finds it and returns a certificate. If no path is found, this means either the terms are
not equal or the bound was too small. For confluent, terminating theories (detected via optional
Knuth-Bendix completion), the tool normalizes both terms and compares syntactically, which is a
decision procedure.

Search-space management. Bidirectional rewriting can exhibit exponential branching in the
worst case. We mitigate this via (i) iterative deepening with configurable depth bounds, (ii) best-
first search with term-size heuristics, and (iii) optional KB pre-simplification to reduce term com-
plexity before search. For the theories in our test suite (monoid, group, lattice, Boolean algebra),
proofs of typical identities complete in milliseconds at depths 10-20; pathological cases requiring
longer paths are handled by increasing bounds or applying completion when available.

Feature Status Notes

Theory definition (signature, axioms) Implemented Core DSL

Equality checking (path search) Implemented BFS, IDS, best-first

Multiple example theories Implemented Monoid, Group, Lattice, Boolean, Ring

Traced rewrite steps Implemented Axiom id, direction, subterm path, bindings
Bidirectional LT«+»CT translation Implemented proof—trace and trace—proof

Theory morphisms Implemented Definition, application, bounded verification
Knuth-Bendix completion Partial LPO, critical pairs; completion loop incomplete
Certified export (Lean/Coq) Planned Not yet implemented

Table 2: Implementation status of claimed features.

Trace certificate structure. FEach rewrite step is recorded as a rewrite-step struct (in the
ct.rkt module) containing: axiom index, orientation (forward/backward), subterm path, and
variable bindings. A complete rewrite path is a traced-path struct assembling the sequence of
steps with start/end terms and theory name. These certificates are designed for independent
auditing: given the theory and a traced path, a third-party checker could mechanically verify each
step.

5.1 Defining Structure

A user provides the structure—an equational presentation (X, E)—by defining its signature and
axioms. The operations are defined implicitly by their use in the axioms. For our running example,
the monoid theory Tyoy, is defined as follows (from slc/examples/monoid.rkt):

1 (define T_Mon
2 (lawvere-theory

11



N

N

’Monoid
(list

;5 Associativity: (x*xy)*z = x*(y*z)

(cons (m* (m* (mvar ’x) (mvar ’y)) (mvar ’z))

(m* (mvar ’x) (m* (mvar ’y) (mvar ’z))))

;3 Left identity: e*xx = x

(cons (m* me (mvar ’x)) (mvar ’x))

;5 Right identity: x*e = x

(cons (m* (mvar ’x) me) (mvar ’x)))))

Listing 1: Defining the monoid theory in Racket.

5.2 Logic as Proof, Computation as Simulation

The system’s core function, prover+simulator, operationalizes the SLC framework. To attempt a
proof of equality in L7, the system searches for a rewrite path in the rewrite graph over Cr. When
a path is found, it serves as a checkable certificate of equality. If no path is found within the search
bound, the result is inconclusive (absence of a witness within the bound is not a disproof).

Implementation note. Mathematically, Ly is defined as the quotient of Cy by provable equality—
each equivalence class is a morphism in Lp. Our implementation does not construct these equiva-
lence classes explicitly (which would be infinite for most theories). Instead, we represent Lpr-equality
operationally: two terms are equal in Lp iff a rewrite path connects them in the rewrite graph
over Cp. Theorem 4.1 establishes soundness and completeness mathematically; operationally, our
bounded search is sound and complete up to the chosen depth bound, yielding a checkable certificate
when it succeeds.

We can invoke the system from an interactive REPL. For example, to prove that (xxe)xy = xx*y
in the monoid theory, a user would type:

slc> use-theory Monoid
slc> prove (x*e)*y = xx*y

The system confirms the proof and provides the computational trace that justifies it, demon-
strating the equivalence between Lp-provability and Cp-convertibility:

Proved: ((x * e) *x y) = (x * y)
Proof path:
Step 0: ((x * e) * y)
Step 1: (x * y)

Decidability and soundness. The SLC theorem establishes mathematical equivalence: path-
reachability in the rewrite graph over Cp equals provability in Ly. Our algorithmic implementation
performs bounded depth-limited search and is a semi-decision procedure: any returned path is a
sound certificate of equality, but failure to find a path within the bound is inconclusive (the terms
may still be equal, but require a longer derivation). For confluent terminating theories (detectable
via Knuth-Bendix completion), normalization provides a decision procedure.

The boolean result (‘Proved‘) is the answer in the logic category Ly. The explicit path is the
witness from the rewrite graph over Cp. The prototype includes multiple pathfinding strategies
(BFS, iterative deepening, and best-first search with term-size heuristics); by default, it selects
automatically based on problem characteristics. Performance optimizations like caching make it
practical for exploring the consequences of algebraic theories.
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V)

Tool guarantees. The mathematical correspondence says: provable equality <= existence of
a conversion path. The tool, however, only searches for paths, so:
e Sound: When the tool returns a trace, it is a valid certificate, structured for independent
checking.
e Incomplete: Failure to find a trace within the search bound is not evidence of disequality—
the path may exist beyond the bound.
e Decision procedure: For theories admitting Knuth—-Bendix completion, normalization pro-
vides a true decision procedure (compare normal forms).

5.3 Traced computation and proof certificates

A central engineering lesson is that a rewrite path is only useful as a certificate if each step records
why it was legal—echoing the design of proof-carrying code [26]. Our initial path-finder returned
only a sequence of terms; this loses the axiom instance, the subterm rewritten, and the substitution
used, making proof reconstruction impossible.

We therefore implement traced rewriting. Each transition records (i) the axiom index and
orientation, (ii) a subterm path into the term tree, and (iii) the variable bindings (matching substi-
tution). From such a trace we reconstruct a formal equational proof by instantiating each axiom,
optionally applying symmetry, lifting the equality into context via congruence, and chaining steps
by transitivity. The result is a proof object in Ly together with a human-readable explanation.

Step correctness. Each trace step is validated at construction time: (i) the substitution is
computed by standard first-order pattern matching, and we verify that applying it to the axiom’s
LHS yields the matched subterm exactly; (ii) the context path is checked to be a valid index sequence
into the term tree; (iii) the result term is computed by substituting the axiom’s RHS (under the
same matching substitution) back into the context. If any check fails, the step is rejected. This
ensures that each individual step is locally correct; the full trace is correct by induction:

slc> show-proof (e * X) * e = X

1. [axiom] (e * X) = X

2. [cong] ((e *x X) * e) = (X * e)
3. [axiom] (X * e) = X

4. [trans] ((e * X) *x e) = X

Certificate payload. The above is the human-readable rendering. The underlying traced-path
structure contains the full auditable metadata for each step. For example, step 1 (applying the
left-identity axiom e x x = z to the subterm (e * X)) is recorded as:

rewrite-step {

from-term: (e * X)

to-term: X

axiom-index: 1 ; left-identity axiom
axiom-direction: forward ; 1->r orientation
subterm-path: [] ; rewrite at root position
bindings: {x |-> X} ; variable substitution

This payload enables independent verification: given the theory’s axioms and a traced-path,
a third-party checker could mechanically validate each step without trusting the path-finding algo-
rithm. The certificate is self-contained: it includes the axiom index (pointer into the theory), the
direction (left-to-right or right-to-left), the exact subterm position (path into the term tree), and
the variable bindings (matching substitution).
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Conversely, we implement the reverse translation: given a proof term, we extract a traced
rewrite sequence by mapping each inference rule to its computational counterpart (axiom — one
rewrite, symmetry — direction reversal, transitivity — concatenation, congruence — contextual
rewriting).

Bidirectional translation contract. The SLC bridge guarantees bidirectional totality:

e proof—trace is total: every equational derivation (proof object in L7) converts to a traced
rewrite path in the rewrite graph over Cr.

e trace—proof is total: every valid traced path (sequence of rewrite-steps) converts to a
formal equational derivation.

e The prototype includes partial certificate-validation support (verify-proof). Proof valida-
tion currently checks structural well-formedness and direct axiom instances; a dedicated trace
checker and a full small trusted kernel are planned for future work.

This separation of generation (path search, proof construction) from verification (certificate check-
ing) follows the proof-carrying code paradigm. The current validator is lightweight; strengthening it
into a small, audited checker that independently validates certificates without trusting the generator
is a priority.

Round-trip invariant. The bidirectional translation satisfies an engineering invariant validated
by our test suite:

e trace—proof—trace returns a trace with the same start/end terms;

e proof—trace—proof returns a proof of the same equation, equivalent up to normalization.
Scope of validation: We do not claim a formally verified meta-theorem (e.g., in Coq or Lean).
Rather, these properties are checked by unit tests on hand-crafted and randomly generated examples
across our running theories (Monoid, Group, Lattice, Boolean). The test suite covers: (i) all axiom
instances, (ii) composition of 2-5 steps, and (iii) proofs involving each inference rule (sym, trans,
cong). This empirical validation serves as a practical correctness check but is not a substitute for
machine-checked formalization, which we leave to future work (Section 8).

Theory Example Path len. Proof size Time (ms)
Monoid (exx)xe=2x 2 4 0.3
Lattice zA(zVy) == 1 2 0.1
Boolean zA-z=0 1 2 0.2

Table 3: Certificate sizes for representative equalities. Path length counts rewrite steps; proof size
counts inference nodes.

5.4 Structure as functoriality: theory morphisms

To make the “Structure” vertex operational, we implement morphisms of Lawvere theories. Cate-
gorically, a theory morphism ¢ : T1 — Ty is a finite-product-preserving functor that is the identity
on objects. Operationally, we represent ¢ by interpreting each operation symbol f of T} as a term
o(f) in Ty (of the same arity), and verifying that for every axiom [ = r of Tj, the translated
equation () = ¢(r) is provable in T5. Such a morphism induces functors ¢, on both the term
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and logic categories by substitution/translation, making the following diagram commute:

Py
Cr, —— Ln,

CT2 T) |_T2
Concretely, ¢, transports terms, proofs, and traced paths. Commutativity of the diagram is demon-
strated operationally: we check that the transported proof conclusions and path endpoints agree,
rather than proving full categorical equality of proof objects. Our verifier checks axiom preservation
via bounded search (depth 10 by default) and is therefore sound when it accepts but incomplete
(it may fail to verify a valid morphism if the required path exceeds the search depth). This is
the main engineering limitation of the current morphism support; replacing bounded search with
certificate-based checks (e.g., via KB completion) is a priority for future work. As small case studies
we include the inclusion of lattice theory into Boolean algebra (8 axioms < 17 axioms), and the
embedding of monoids into groups.

5.5 Abstract machine interpretation

The rewrite perspective admits an operational reading: the rewrite graph layered over Cp defines
an abstract machine whose configurations are terms, transitions are rewrite steps, and traces are
execution histories. We implement a simple abstract machine that makes this correspondence
explicit:

e A configuration is a term together with its accumulated trace;

e A transition applies one axiom (in either direction) at some subterm, recording the step;

e FEzecution runs until a target term is reached or no more steps apply.
In bidirectional rewriting, “normal form” is not unique—variables can always expand (e.g., = —
exx). The machine-trace view connects rewriting to operational semantics: confluence corresponds
to determinism, and a traced path is an execution certificate.

5.6 Completion, normalization, and empirical complexity

Finally, we explore when the computational side admits fast equality checking via normalization.
We implement preliminary Knuth-Bendix support (critical-pair generation, LPO-based orientation,
partial completion) and perform exploratory benchmarks on (i) theories that complete quickly
(idempotence, unital laws), and (ii) theories that do not (monoids with associativity). For fully
completable theories (e.g., idempotent: = * x = z), normalization can yield orders-of-magnitude
speedups in small benchmarks, because equality reduces to syntactic comparison of normal forms.
For theories with associativity, KB produces only partial completion; speedups are modest and
sometimes negative due to normalization overhead. We use KB completion as an optimization
when it succeeds, not as a requirement.

We also implement proof normalization (eliminating redundant uses of symmetry /transitivity
via rules like sym(sym(p)) — p) and instrument both translations (trace—proof and proof—trace)
with size and time metrics. The current implementation performs certificate translations in time
roughly proportional to the number of trace/proof steps; exact asymptotics depend on term repre-
sentation and sharing.
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Reproducibility. The reference implementation is available on GitHub [3]. To reproduce the
examples: racket slc/interactive.rkt launches the REPL; raco test tests/ runs the core
test suite (terms, theories, CT, LT, and simulator modules). Benchmarks in slc/benchmarks.rkt
output timing data to stdout. Traced certificates are returned as Racket data structures; a JSON
export is planned but not yet implemented.

6 Significance

The SLC framework treats algebraic structure as a unifying layer connecting logic (proofs) and
computation (programs).

e Domain-specific languages (DSLs). This is the most immediate application. A developer
defines the business logic of a domain as an equational presentation (X, E)—operations and
their equational laws—and the SLC pipeline automatically provides (i) an equational prover for
domain identities and (ii) a symbolic executor for domain expressions. No ad-hoc proof system
or operational semantics is required; both are derived systematically from the structure.

e Language design. Given a new effect signature (say push/pop), systematically derive (i) an
equational reasoning layer (Ly) and (ii) a rewrite semantics whose traces live in the rewrite
graph over Cr. Soundness arguments reduce to standard algebraic reasoning once the structure
is fixed.

Tiny illustration. Consider a simple “stack” signature with push, pop, and axiom pop(push(z, s))
s. SLC yields (i) a logic proving stack-manipulation identities and (ii) a rewrite semantics that
symbolically evaluates stack expressions. (Richer effect signatures like exceptions require en-
riched or indexed Lawvere theories [31], beyond our scope.)

e Formal verification (potential). If a compilation pipeline is itself modeled as a verified
theory morphism preserving the relevant equations, then SLC suggests a route to transporting
equalities and trace witnesses across compilation stages. Significant work would be required:
semantics-preservation properties, handling of effects, and integration with existing compiler in-
frastructure are all open challenges. Solver-aided DSLs such as Rosette [33], symbolic executors
like KLEE [0], and auto-active verifiers (e.g. Dafny [21]) all follow a structure—logic—execution
workflow, providing concrete evidence that the SLC pipeline pattern scales to practical tool
chains.

e Security modelling (speculative). In lattice-based information-flow models [11], security
levels form a lattice. Privilege-escalation conditions could be modeled as reachability queries
in a rewrite system induced by the policy algebra: can a low-privilege term reach a high-
privilege form? A discovered path serves as a concrete attack witness; absence of a path within
the search bound provides bounded assurance. This application is speculative—real security
proofs require threat modeling, composition guarantees, and side-channel analysis beyond our
scope. Stateful or effectful security properties would require enriched Lawvere theories [31].

Bidirectional vs. directed rewriting. We use bidirectional rewriting (+<»*) because equational
logic is inherently symmetric. In traditional computer science, “computation” often implies di-
rected reduction (—) toward a normal form. When a theory is confluent and terminating, directed
rewriting suffices and yields efficient decision procedures (normalize both sides, compare). For
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general Lawvere theories—which need not be confluent—bidirectional rewriting is the correct no-
tion: it captures equivalence checking rather than evaluation. Our framework supports both: when
Knuth—Bendix completion succeeds, we use normalization; otherwise, we fall back to path search.

7 Related Work

Rewriting logic and Maude. Meseguer’s rewriting logic [23] treats equations as labelled rewrite
rules modulo congruence; our Cp corresponds to its unlabelled equational core, with Ly providing
the associated proof calculus. A twenty-year retrospective appears in [241], and the Maude system
[1] demonstrates industrial-scale tooling based on the same equation + rewrite pattern. Our focus
is different: rather than a full rewriting-logic metalanguage, we emphasize a small certificate format
and bidirectional derivation<>trace translation.

Initial-algebra and structural operational semantics. The algebraic-specification tradition
uses syntax-generated algebraic structure to define denotational meaning, while Plotkin’s struc-
tural operational semantics [30] gives rule-based operational meaning. Rewriting logic is especially
relevant because it explicitly unifies algebraic denotational semantics and SOS within a single
framework [24]. SLC packages the equational core of this pattern into a generic algebra = logic +
computation pipeline.

Algebraic effects and handlers. Algebraic effects [29] begin from operations and equations;
their free models induce the corresponding computational monads. Handlers add further structure
on top of that base theory. SLC mirrors the “algebra — equations — computation” pattern at the
equational core, providing a completeness guarantee for the first-order equational fragment: the
equational laws of effects correspond to convertibility in the rewrite graph over Cyp.

Congruence closure and equality saturation. The congruence closure algorithm [27] effi-
ciently decides ground equality in equational theories—a key subroutine in SMT solvers. Equality
saturation via e-graphs [30] extends this idea to term optimization: saturate an equivalence class
with all provably equal terms, then extract an optimal representative. Our work is complementary:
we focus on certificates (traced paths) rather than decision procedures, and on open terms (with
variables) rather than ground terms. E-graph techniques could accelerate our path search when
applicable.

Proof-carrying code. Necula’s proof-carrying code [20] and its semantic foundations [2] demon-
strate the value of attaching verifiable certificates to executables. Our traced rewrite certificates
serve a similar role at the equational level: a path in the rewrite graph over Cp is a “proof” that
can be checked independently of how it was found.

8 Future Work

We outline some directions that naturally extend the present study.
e Certified export. Emit proof objects to external checkers (Lean/Coq) or interoperable

formats (TPTP), and ship a small, audited kernel that re-checks certificates produced by the
tool.
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e Completion beyond first-order LPO. Extend the completion engine with better order-
ings (KBO, polynomial orders) [12] and rewriting modulo associativity /commutativity (AC
unification and AC completion) [28, 13], which is essential for realistic algebraic theories.

e Scaling and indexing. Improve rewriting/search performance via term indexing (discrimi-
nation trees, substitution trees) [32], memoization of normal forms, and parallel critical-pair
generation.

e Stronger morphism verification. Replace bounded search in verify-morphism with
certificate-based checks (completion when available, or external equational provers) and ex-
tend morphisms to multi-sorted/typed theories.

e Larger case studies. Evaluate the framework on richer theories (groups, rings, modules) and
on domain-specific equational presentations (e.g., instruction semantics fragments, protocol
algebras), where certificates are practically valuable.

e Visualization and audit logs. Provide interactive views of proof trees and rewrite traces,
and a structured “audit log” format for downstream tooling.

9 Conclusion

We have presented the Structure-Logic—Computation (SLC) framework, a constructive operational-
ization of the classical correspondence between equational presentations, Lawvere theories, and
term rewriting. Given an equational presentation (X, F), SLC derives two canonical categories—
the logic category Ly (provable equalities) and the term category Cp (raw term tuples, equipped
with a rewrite graph)—with a bidirectional translation between equational derivations and traced
rewrite certificates.

The mathematical foundations (Birkhoff completeness, conversion = provability) are well es-
tablished; our contribution is making these equivalences executable and auditable. The Racket
prototype demonstrates feasibility: equational proofs convert to witnessed rewrite paths and vice
versa, theory morphisms transport both structures functorially (with commutativity demonstrated
operationally in the prototype), and Knuth-Bendix completion (when applicable) provides decision
procedures via normalization.

Limitations. Equality in arbitrary presentations is undecidable; our tool is a semi-decision pro-
cedure with bounded search. For non-confluent theories without terminating completions, the
search may fail to find proofs within resource bounds even when they exist. The prototype han-
dles single-sorted, first-order theories; multi-sorted and higher-order extensions require additional
infrastructure.

Impact. SLC provides a rigorous bridge between algebraic specifications and verified computa-
tion. The framework enables: (i) domain-specific languages with built-in equational reasoning, (ii)
auditable proof certificates for security-critical transformations, (iii) functorial transport of verified
properties across theory morphisms, and (iv) a principled foundation for tools that manipulate
algebraic structures.

The reference implementation [3] accompanies this paper, inviting extension and evaluation on
richer theories and practical case studies.
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